Abstract: Material surfaces tend to show roughness that has fractal characteristics, and this affects the nature of contacts between surfaces. In particular, as smaller and smaller scales of roughness are added to a model, the areas in contact break up to form larger numbers of smaller contacts. The total area in contact diminishes towards zero. What this means for the constriction resistance is examined, and using the 'Cantor Dust' fractal model, it is shown that, in realistic situations, it tends towards a finite limit. If however, the contact area reduces fast enough as the scale is reduced, an infinite limit is possible. The effect is dependent on the clustering of the contacts determined by the largest scales. In the absence of such clustering, the resistance can tend to zero.
Introduction
Connectors that depend on purely mechanical contact between two materials are an essential element of many systems, but have the disadvantage of being relatively insecure and unpredictable in their performance. There are two basic problems: one is that oxide films and other contaminants change the material properties, particularly those of relevance to electrical behaviour; the other is that the area that is actually in contact is usually much less than either the apparent contact area or the cross-sectional area of the conductors on either side of the contact. The current is therefore constricted to flow through the contact, leading to additional resistance. This paper is concerned with the latter problem, and in particular with the role of surface roughness in restricting the true contact area.
Studies of surface roughness find that, for most materials and finishing processes of engineering interest, the roughness is substantially or entirely random, and exists on a wide range of scales down to that of atomic spacing [1] . It is therefore often described as being fractal in nature, although the characteristics may be different at different scales. The complexity of these phenomena mean that a full analysis and understanding of their effect on constriction resistance is difficult to achieve, but this is becoming increasingly important as micro-and nanotechnologies reduce the size of components. Some key results are discussed in the next Section. This paper presents studies of the constriction resistance caused by some simple fractal patterns, and proposes some general conclusions.
Although this paper is written in terms of electrical conduction, the results are applicable to heat conduction if thermal strains do not cause changes in the sizes of contacts.
This applies, for instance, when the two materials in contact have identical properties. The coupling of electrical, thermal and mechanical behaviour through the heating caused by electrical resistance is also ignored, i.e. it is assumed that contact areas are defined purely by mechanical considerations.
Background

Constriction resistance
The most basic and most well-known result is that, if two effectively semi-infinite bodies of resistivity r are in contact over a small circular area of radius a, then the constriction resistance is given by [2] R ¼ r=2a ð1Þ
According to Greenwood [3] , Holm developed this further, suggesting that if there was a cluster of N such contacts, the resistance would be given by
where a is the radius of the cluster. Greenwood produced the following approximate solution of the governing equations:
where a i are the radii of the contact spots and s ij the distances between them. He demonstrated that (2) was generally remarkably accurate, and showed how to calculate an effective value for a for non-circular clusters. Jang and Barber [4] used Greenwood's approximate solution to investigate the effect of fractal geometry. They took contact areas as being defined by the intersection of a random surface with a plane at a uniform distance from the mid-plane of the surface. Assuming that the spatial distribution of contact spots is statistically uncorrelated, i.e. that the probability of a spot occurring at a given location is independent of what happens at other locations, they showed that, as the fractal process is taken to infinity, the resistance tends to zero. They speculated that, in practice, the spatial correlation of contacts would lead to finite resistance. It was this comment that led to the work reported in this paper.
In recent papers [5, 6] , Manners has produced a general solution for plane, two-dimensional situations, i.e. where the contacts can be considered as infinitely long parallel strips. The solutions contain one parameter for each gap that normally has to be determined numerically, thus giving much more economic solutions than can be obtained by other numerical methods such as finite-element analysis. The method is summarised in Section 3. These papers have shown that it is generally the sizes of the gaps that dominate the calculation of the resistance; the sizes of the contacts between the gaps are of much less significance.
Mechanical aspects
In the above work, it is assumed that the contact areas are known. In practice, of course, they are the result of the mechanical interaction between the two surfaces. An important breakthrough in this area was the discovery by Barber [7] that the electrical conductance is directly proportional to the incremental elastic stiffness of the interface.
There is no complete theory for describing the mechanical contact between surfaces, even when the materials remain elastic. However, by making various assumptions, significant results have been obtained, for instance by Archard [8] , Greenwood and Williamson [9] , Bush et al. [10] , Ciavarella et al. [11] and Persson [12] . Although these papers differ in their aims, approaches, approximations and detailed results, they are broadly consistent in the story they tell. The first one, and last two, of these references are of particular interest in that they introduce the surface roughness progressively into their calculations, working down to smaller and smaller scales, while maintaining constant mean contact pressure. Ciavarella et al. in particular show that, as this process proceeds, the areas of contact break up, and so the number of separate contacts increases, but the size of each decreases. Furthermore, the total actual area of contact decreases. If the roughness continues to exist on smaller and smaller scales without limit, then these trends also continue without limit, so with all possible roughness included, there is an infinite number of infinitely small contacts, and the total contact area is zero. Since they make rather different assumptions, it is not fair to combine the results of Ciavarella et al. with those of Jang and Barber, but, put together, they do produce the intriguing possibility of the fractal limit implying both zero contact area and zero resistance.
However, Ciavarella et al. [13] investigated fractal profiles generated by the Weierstrass series and showed, using Barber's analogy [7] , that the resistance in these cases is in fact finite in the fractal limit because the macroscopic features of the profile lead to clustered contacts, and this dominates the calculations.
Some observations on models
Of course, models based on taking fractal processes to the limit will always become unrealistic at some stage. Models of surface profiles, and mechanical calculations based on continuum theories of material behaviour, cease to apply once the atomic scale is reached. Elastic theories that show decreasing areas of contact also imply increasing levels of stress, so will break down when plastic limits are reached. For electrical behaviour, Sharvin [14, 15] suggests that different models are needed when contact sizes become comparable with the mean free path length of the electrons. However, if the conclusions of Ciavarella et al. [13] are shown to be generally applicable, this is not a significant issue because the resistance is governed by the larger features of the surface. The finer features, and any limits that apply there, are of relatively little importance.
It is therefore of interest to see whether the clustering of contacts is, by itself, sufficient to lead to finite resistance, when the same contacts, uniformly spaced, would not. This paper is investigates this, using a simple fractal system known as Cantor Dust and solutions to the conduction equations previously derived by the first author for general cases of intermittent contacts spaced along a line. Although the main part of the paper is concerned with exploring the geometrical possibilities, we shall return briefly at the end to the question of how these relate to the mechanical aspects of contact.
The earlier works discussed above were generally concerned with three-dimensional bodies in contact over a surface, although the contacts were often approximated by circular spots. The more recent work has often concentrated on cases that can be treated two-dimensionally, i.e. where the contacts are infinitely long parallel strips. This is because a larger range of analytical methods can be used, and so fewer approximations are required. Many of the conclusions reached in one case will be qualitatively applicable to the other, but care needs to be exercised. For instance, the 2D equivalent of (1) gives zero resistance. Although the main part of this paper is concerned with 2D cases, the 3D situation will be considered again in the discussion.
Another aspect of recent work is that it is statistical in nature, using either random surfaces or deterministic patterns representing key features of the statistics. In such cases it is convenient to consider bodies that extend to infinity so that the results represent the effect of the statistical pattern, independent of any boundary effects. For this reason, results in this paper are presented in terms of s, the thickness of material that would give the same resistance as the constriction effect on one side of the interface. Using s also emphasises the geometrical nature of the constriction effect. For conduction between two bodies of resistivity r 1 and r 2 , the conductance per unit area is 1/[(r 1 + r 2 )s], and the resistance of area A (ignoring any effect of the boundary) is (r 1 + r 2 )s/A.
Assumptions and models
As in the first author's previous work [5, 6] , and as discussed above, it is assumed that the bodies in contact are semiinfinite in extent, touching on a plane boundary. Consideration is also restricted to two-dimensional plane cases, so that it is effectively assumed that the contacts between the bodies take the form of long, parallel, strips. This means that each contact or gap can be characterised by its width.
The x-direction is taken in the plane of contact, normal to the direction of the contact strips, and the y-direction is normal to the plane of contact. The pattern of contacts is assumed periodic, i.e. it repeats after an interval of l in the x-direction. Within a typical width l, the nth gap is from x ¼ a n to x ¼ b n .
Given these assumptions, the previous work can be used as a basis for both theoretical development and numerical simulations. For numerical work, the procedure can be summarised as follows: let
and
where c n has a value between a n and b n . It represents the 'stagnation point' at which the current divides into two to go round opposite ends of the gap. The c n values are determined as part of the analysis. Let
where G is the number of gaps in length l, and
for a n oxob n . t(x) gives the form of the potential along the sides of the gaps, the alternative signs giving opposite sides. Since all contacts are at the same potential, the values of c n are determined by the requirement that all t(b n ) ¼ 0. A measure of the resistance is then given by the average value of t(x), i.e.
See Section 2.3 for definition and use of s. For theoretical work, a different approach to calculating s seems better, using complex numbers, but reducing the calculation to a single integration. This is described in the Appendix.
Contact patterns-uniform spacing
Consider a sequence of steps in which a contact is progressively broken up into smaller contacts. We will also allow the total contact area to be simultaneously reduced so that, as the number of contacts in a given length tends to infinity, the total contact area tends to zero.
We consider a width l and initially the proportion of surface in contact is g. In this first analysis, the contacts are assumed to be of equal size and equally spaced throughout. The proportion of interface in contact reduces by a factor f at each step as the number of contacts is doubled. The resulting contact details are given in Table 1 . From Dundurs and Panek [16] , initially
Note that here, and throughout the paper, the value of the ln(.) term is negative, so the resistance is, of course, positive. Since we have uniform spacing, the same pattern continues throughout, but at different scales, so
represents the resistance at the nth stage. For fo1, as n-N
and clearly this tends to zero as n-N. Hence we tend to a pattern of contacts with zero area in contact, but zero resistance for any finite area. Superficially, the reason for this is that the scale of the problem, as determined by the dimension of the repeating pattern, l/2 n , is tending to zero and so the pattern of current flow lines and equipotentials, and hence the value of s, decrease with it. Actually, the situation is more complex. We can generalise the process by letting the proportion in contact be g n at the nth stage. Assuming g n -0 as n-N, then
If instead of changing g by a constant factor for each n, as above, we use a constant power, we get different results.
so this sequence tends to a finite limit. If the reduction is more severe, e.g.
, y , then
Thus, the constricting effect of reductions in the proportion of surface in contact, if severe enough, can overpower the general scaling down of the geometry. In Section 7, we will consider whether this sort of pattern can result from mechanical contact between contact surfaces.
Fractal contact patterns-cantor dust
Theory
To examine the effect of clustering, we keep the same data as in Table 1 , but adopt a non-uniform spacing as follows. Number of contacts in width l
Width of each contact
Mean width at infinity supplying current to each contact (l n )
The resulting pattern of contacts is shown in Fig. 1 . and is known as 'Cantor Dust'.
Starting with a uniform pattern of gaps and contacts at n ¼ 0, the step to n ¼ 1 can be evaluated exactly using the theoretical solution contained in the Appendix. Hence for the first two stages we have:
hence
Because of the square root in (9) , and the reduced symmetry in the patterns of their contacts, it is difficult, if not impossible, to evaluate further stages theoretically. In a later Section, some results for numerical solutions are given. Here, we now assume that we can apply (22) at every stage. This will only be approximate because the current flow lines are distorted after the first stage and the two solutions do not therefore apply exactly. Nonetheless, it is possible to argue that this procedure may be reasonably accurate because the modification to the flow pattern caused by introducing a new gap is fairly local to that gap and therefore probably not much affected by the pattern of the flow some distance away. The most general form would be
where g n is the proportion of surface in contact at stage n, f n ¼ g n+1 /g n , and l n ¼ l/2 n for a process that doubles the number of contacts at each stage. If, as before in Table 1, we take f as constant, the series this generates cannot be summed analytically. However, if g is small, we can remove the sin½ functions and simplify (23) to
The sum of the series converges to 2, so the limit is given by
The change from (23) to (24) can be shown to reduce the increment of resistance. We would therefore expect (25) and (26) to be lower bounds on resistance, unless the approximation involved in the recurrent approach itself outweighed this. An upper bound can be obtained by ignoring the change to g n , and this comes out as
These bounds suggest that the result of clustering the contacts as here is to give a finite resistance instead of the zero resistance obtained for uniform spacing.
Simulations
In this Section the results of numerical computation of resistance are compared with the theoretical calculations. The computation was done using a program written in MATLAB implementing the method outlined in Section 3, starting with one gap and increasing the number of gaps as described above. The program refines the number of integration steps in the numerical integrations until a satisfactory convergence is obtained. The calculations were done for eight or, in one case, 16 gaps in each repeating pattern. Table 2 gives the results of the numerical analyses, and the corresponding theoretical values for comparison. Note that all the values calculated in this Table are values of s based on a wavelength of l ¼ 360. For the theory, the 'exact' values for finite n are derived using (23) for each step. The lower bound (LB) values are from (25) and (26), and the upper bound values (UB) from (25) with g n ¼ g, and from (27). The 'exact' limit is found by repeated use of (23) until g n is small, then (26) with l equal to the last value of l n to sweep up the remainder of the process to infinity.
For n ¼ 0 and 1, the theory is exact, so these columns of the Table show the accuracy of the numerical calculations. It can be seen that the errors are consistently about 0.03-0.04% and this confirms the accuracy of the simulation. In fact, since the numerical results are always underestimates by about this magnitude, a small correction factor would produce even more accurate results.
For larger n, the theory is itself approximate, so the 'exact' results are the exact predictions of an approximate theory. It can be seen that these 'exact' results are barely distinguishable from the numerical results. This gives confidence in the approximation used. Given this, it is not surprising that the results predicted to be upper and lower bounds are confirmed as such. For small g and f, they are very close. Not surprisingly, there is more difference as g and f increase. lie between these bounds, the results confirm the basic thesis of the paper that structured patterning of the gaps produced by this fractal process does indeed give finite resistance.
As stated above, the results were calculated using l ¼ 360. They show that, although a wide range of values can be generated by appropriate choice of parameters, the constriction resistance is equivalent to an additional layer of material whose thickness is, in very broad terms, of a comparable order of magnitude to that of the largest scale in the pattern of gaps and contacts.
Discussion
With the uniform spacing, it was possible to get zero resistance, a finite resistance or infinite resistance, depending on how the contact area changed as the scale reduced. With the Cantor Dust model, by contrast, the presence of s 0 in the solution shows that the initial geometry establishes a minimum resistance. The smaller scales always give additional resistance, so zero resistance is impossible. The key to this is that, in this case, unlike in Section 4, the initial geometry establishes a scale for the perturbation of current flow-lines, which is not subsequently changed, although further perturbations are superimposed.
It can also be seen that, for this geometry, the additional terms decrease in magnitude as their scale is reduces. Hence it is clear that, for this geometry at least, it is the largest scales that are most important in determining the resistance. Is this always true? If the ratio f was not constant, we could generalise equation (24) as follows:
where
, y , which gave finite resistance for uniform spacing,
As n tends to infinity, this tends to zero, so
So the resistance added at every step tends towards a constant value, and hence there is now no finite limit for this particular case as n tends to infinity.
In the Cantor Dust model, the contacts are all the same size, but the gap sizes vary. To investigate the importance of the arrangement of a particular set of gaps on the resistance, we rearranged the order of the gaps for the case of g ¼ 0.5, f ¼ 0.4. The results confirmed the results of the previous papers [5, 6] that it is the sizes of the gaps rather than their order that are most important. The simulations showed a 4 and a 10% difference due to a complete rearrangement of the gaps in the cases of four and eight gaps, respectively. The previous paper [6] also showed that changing the contact lengths had relatively little impact on resistance if the gaps were kept constant. The assumption of uniform contact lengths is not therefore considered to be a significant restriction on the validity of the results.
Three-dimensional considerations
One conclusion from the above work is that when the contacts are generated by a fractal process with a clear sequence of steps, each step adds an increment to the resistance. One would expect that, at this fundamental level, the same behaviour would be observed in three-dimensional cases, and one can interpret (2) in that light. It gives the resistance as the sum of two components, one of which, r/2a, is the resistance of a single spot of radius a. Replacing this by a cluster of N spots of radius a adds the other component. The extra term, r/2Na, is in fact the result of taking the N spots in parallel, each with the same resistance as the single initial spot.
It is therefore possible to consider what would happen if each of these N spots was itself replaced by a set of smaller spots, and this was repeated indefinitely. The result would be a pattern of spots that would not be unlike a threedimensional version of Cantor Dust. A plausible theory for the resulting resistance can be developed as follows. Let R 0 be the resistance due to a single spot radius a 0 . Then
If this spot is replaced by N 1 spots of radius a 1 , (2) gives 2
Generalising this would mean replacing a n-1 by N n a n to get from the (nÀ1)th step to the nth, i.e.
If we consider as an example the case where all the N n are equal and where c ¼ a n /a n-1 is constant, then
This series converges to a finite limit as n tends to infinity if Nc41, but diverges if Nc r 1. Thus we have a similar situation to the 2D cases considered in the main part of the paper, although this is a much more tentative conclusion than for the 2D one. The governing parameter, Nc, is the ratio between the total circumference at stages n and nÀ1. If the total circumference increases at a constant rate as the process progresses, the resistance will be finite. Decreasing circumference will give infinite resistance in the limit. This is a broadly similar conclusion to that of the 2D case: if the contact sizes decrease at a fast enough rate, there is no finite limit to the resistance.
Mechanical considerations
It is not intended to claim that the fractal processes examined in this paper are exact representations of the result of mechanical contact processes. It is obviously an approximation to model contact of fractal surfaces as a series of discrete steps and there is no reason to suppose that contact areas have the uniformity of size and spacing assumed here. Furthermore, since there are no complete and general theories relating contact area to surface statistics and applied load, it is not possible to say definitively how closely the geometrical considerations above relate to real situations. However, some deductions can be made about the likely nature of this relationship.
First, Barber's analogy [7] shows that conductance is proportional to elastic stiffness. Infinite resistance therefore implies zero stiffness. It is known that, for an elastic profile, the stiffness tends asymptotically to zero at zero load. However, for the general situation, Barber's paper develops bounds on the stiffness that effectively rule out the extreme result of infinite resistance discussed above. Rather, we can use the arguments in reverse to show that, as finer detail is added to a profile, and irrespective of how this is done, there is a limit to the rate at which the contact area decreases. This is a significant finding.
It can be shown (see e.g. [17] ) that the Cantor Dust set generated with constant f has a fractal dimension given by [11] show that, for elastic profiles generated by the Weierstrass series, the contact area tends, in the fractal limit, to a fractal dimension of D a ¼ 2-D, where D is the fractal dimension of the profile. Thus, asymptotically, the constant f case, which gave finite resistance, represents a similar situation to at least one representation of a random rough profile. The fractal process represented by the Cantor Dust model is not, however, completely identical to that generated by a Weierstrass profile. The former has a constant D a throughout, whereas, for the latter it is only the asymptotic form. The Weierstrass series is not the only way to approximate a fractal surface in series form, but it seems likely that this observation will also be true of other processes such as Fourier series, and that in general in such models the effective value of f n will vary with n, but that this variation will occur in a way that gives a converging series for s.
Conclusions
The work reported in this paper has shown how the patterning of contacts and gaps can lead to finite constriction resistance, even if generated by a fractal process in which the total contact area tends to zero. For the sequence of contact sizes given in Table 1 , in which the contact sizes are progressively reduced to zero, if the pattern of gaps and contacts remains uniform so that the gap sizes also tend to zero, then the resistance will tend to zero. However, if the contacts are arranged in the pattern generated by the 'Cantor Dust' model, so that the gaps remain finite, then the resistance remains finite. More generally, where the contact area is progressively reduced on a sequence of scales, the resistance is the sum of a series of values appropriate to each scale. The resulting series converges to a finite limit for sequences that seem reasonable for typical surfaces and mechanical contact processes, but would, theoretically, diverge if the contact area could be scaled down fast enough.
These conclusions have been established with considerable confidence for surfaces defined by a single twodimensional profile. A more tentative three-dimensional analysis points to similar conclusions. cosh À1 u ð Þ þ const:
To obtain the results we want, it is convenient to write u¼ cosh ðF þjGÞ ð 50Þ so the real part of t(z) is just F/o, plus constant. Combining (45) and (50), expanding the cos and cosh terms, and equating real and imaginary parts gives cosh F cos G ¼ ðcos ox cosh oy À CÞ=D ð51Þ
For the boundary condition at y ¼ 0, it can be shown that, for x in a contact width, u is real and lies in the range -1rur1. This can be satisfied by F ¼ 0 and
F ¼ 0 gives the condition specified by (39) that the potential is zero at the contacts, so no additional constant of integration is required in (49).
As y tends to infinity, with F similarly tending to infinity, and in the limit (51) and (52) are satisfied by expðF Þ ¼ expðoyÞ=D
Referring back to (41), (49) and (50), with D from (47)
